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1.5 L’Hopitalovo pravilo

Teorem. (L’Hoépitalovo pravilo) Neka je I C R otvoreni interval (konacan ili besko-
nacan), ¢ € I (moze bitiic = £oo usluéaju beskona¢nog intervala I') inekasu f,g: I — R
derivabilne funkcije.

1. Ako je lim f(z) = limg(x) =0, ¢’(z) # 0 za sve x € I i ako postoji lim

Tr—cC Tr—cC Tr—c g/ (37)

onda vrijedi

f(z)

!
lim —= = lim f,(x)
M gla) T go)

2. Akojelim f(z) = £oo, lim g(z) = £o0, ¢'(x) # 0zasve x € I iako postoji lim )
r—cC r—cC r—cC g T

u R, onda vrijedi

@) P

1 L7

z—e g(a) e g/(z)
Zadatak 1.67 Izracunajte

sinx

z—0

(f) lim arcsinz - ctgx

z—0

(g) lim —=

T—+00 \/E

Rjesenje.
sinx 0\ . Ccos T
(a) lim =(=-] = lim =1
z—0 I 0 z—0 1
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. . o0\ LH . 1
(¢) lim ze™® = lim — = <—> = lim —=0
T—+00 z—+400 e¥ o0 x—+oo eT
@ 1 S5a3 — 4 + 3 (oo> LH . 1522 — 4 <oo> LH 30z
1m =\ — = 11m = | — = 1 - = o0
z—too 222 —1 o0 t—too 4z %) z—+o00 4
1 1 X s T s X
(@ tim MUEE) (), () gy, © oy
a—too  1+x 00 z—+oo 1 4 €7 00 z—+o00 €¥
arcsin 0 \/;7 cos? x
f) lim arcsinz-ctgz = (0-00) = lim = (=) "2 lim 2 = lim ——— =1
( ) x—0 g ( ) x—0 tggj (0) x—0 coslzm x—0 ,/]_ _ xQ
Inz o0\ L'H 1 2
lim —=<—> A Jim 2 = lim ——==0
(g) T——400 \/E o0 T——400 ﬁf T——400 \/E
A
Zadatak 1.68 Moze li se primijeniti L’Hopitalovo pravilo na
lim ——— "9
r—+00 T + SINT
RjeSenje. Ne mozemo primijeniti L’Hopitalovo pravilo, jer limes
. (z+sinz) . l+coszx
lim —— = lim —
g—too (x —sinz)’  @—+oo 1 —cosx
ne postoji, jer je za x, = 5 +2nmiy, = 2n+ )7
. 1+ cosz, . 1+0
lm — = lim —— =1,
n—too 1 —cosw, n—otoeol—0
1 . 1+ (-1
i LECOSUn o 1D
n—too 1 —cosy, n—o+ool—(—1)
Medutim, _
. T +sinx 14 =
lim —— = lim T —
z—+4oo r —SInx  z—+oo ] — L
A

Zadatak 1.69 Izracunajte
1 1
sinx x

(0 2)

(a) lim

(b) lim

z—0
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: T
(C) :vlir(r)lJr *

d) lim z=
(d) lim =

(e) lim(1 — z)%s2®

r—1

(f) lim (1+2%)>

r—-+00

Rjesenje.

11 s , -

z—0\sinz & z—0 xsIing 0 z—0 Sinx + x cos T

0 ’H .. sinx
=(=] = lim - =0
0 z—0 CcOSZT + CoOsSx + xsinx

1 1 -1 1 0\ 1- L
(b) lim ( ———— — =) = lim e—In(x+1)  (0\vn lim o+ _
e—0 \In(x+1) =z 2=0 zln(z+1) 0 a=0In (z+ 1) + 5

: T 0\ vm,. 1
= lim =(=] = lim = -
e=0 (z+1)In(z+1)+2x 0 e=0In(z+1)+1+1 2

(c¢) Neka je y(x) = 2®. Tada je Iny(z) = zlnz pa je

' _ . Inz 0O\ LH ;. : _
Jig, i) = Ji e tne = 0-00) = i = () ¥ i, 2 =
= lim (—z) = 0.

z—0+

Zbog neprekidnosti dobijemo

lim y(z) = lim ¥ = lime—orinyl@) — 0 — 7
z—0+ z—0+

(d) Neka je y(x) = . Tada je Iny(z) = B2 pa je
1 , 1

Zbog neprekidnosti dobijemo

lim y(z) = lim V@) = elime—reclny(@) — 0 7
T—~+00 z—1

(e) Neka je y(z) = (1 — z)* 2. Tada je Iny(z) = cos ZzIn (1 — ) pa je

In(1 - ,
lim Iny(z) = limcosgxln(l —z)=(0-00) = limu = (OO> e

r—1 rx—1 r—1 —_— o0
CcOSs Eac
—1 T T
L g 2. ctggzcosgx (0 vm
= lim T - = "lim—=—£2 — (-] =
el =1 (=sinz-Z) ma-l  x—1 0
cos® 5 2 2
o COS 21’ T T (_ s ) T
. sy 2 totggr(—simgr) - g
= lim =0
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Zbog neprekidnosti dobijemo

lim y(x) = lim "¥(®) = elime—rlnyl@) — 0 7

rz—1 x—1

Neka je y(z) = (1 4 22)%. Tada je Iny(z) = % pa je
2z

) () gy BT

li 1 = i _— =
Jm Ingy(z) = lim ——

Zbog neprekidnosti dobijemo

lim y(x) = lim en¥(@) = elime—ioolny(@) — 0 — 1
T——+00 T——+00

Zadatak 1.70 Izracunajte

(a) lim

arcsin r — arctg x

z—0 J}g

(b) limInzIn(x — 1)

()

rz—1

axr

lim —, ne€N,a>0

x—+oo "

RjesSenje.

. arcsinz — arctgx 0\ vu .. 11722 - ﬁ 0
lim =\g) = lim ~————— = | =

z—0 ;Ug

x—0 6x 2

Inz
o —zln?z 0\ vy .. In®z — 2zl
= lim =(=] = lim =
z—1 xr—1 0 z—1 1
. eam m L’H ) ae(l{l‘ , ) aneam
lim — = (—) = lim =LH_— ]im = 400
z—+oo I 00 a——+oo na~1 z—+o0 !
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Zadaci za vjezbu

1.71 Izracunajte

1
(a) lim —"
z—0 ctg x

=22 —x+2
b) i
(b) Ty — 5 %

he —1
(©) Tim 2L
z—0 1 — cosx

(d) lim(1 — cosz)ctgx

r—0

1.72 Izracunajte

. x 1
(a) iﬁ(m—l_m>

(b) lim wTe

z—0

N

(©) 1 Inx c
im —.n
C o) %7

(d) lim {lnz)"

r——+00 xT

,neN

1.73 Izracunajte

: 1\"
(a) xginoo (cos E)

(b) lim(sinz)*®?®

z—0

. x+sin2x
(¢) lim ————
t—0 r —sinx

(d) lim 27

z—1 SIN 7L

1.74 Izracunajte

(a) lim T + arctgx
z—+too 3+ 12 +

(b) I arcsin v/sin x
im-—
=0 \/2x — 22
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T—T

(¢) lim(m — x) tgg, neN

In (1 —z
@ fm RUFD T e

,neN
T—+00 er —coszx

1.75 Moze li se primijeniti L’Hopitalovo pravilo na

. a?sin
lim — ?
z—0 SInx

Izracunajte gornji limes.

1.76 Izracunajte

1 1
Ii - =
(2) o0 <msinx xz)

1
(b) lim (g—arctgx>lm

T— 00

(c) x1—1>I—ll—loo <\/1 +22In xe—fl — x)
1
(d) lim <x —2%In <1 + —))
r—-400 €T




