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2. INTEGRAL

2.5 Integrali trigonometrijskih i hiperbolnih funkcija

Zadatak 2.43 Izracunajte integrale:

s

(a) / sin?  cos® x dx (b) / sin z cos® x dx (c) / sh3z dx (d) / cos® z dx.

0

Rjesenje.

(a)

. 9 3 | t=sinx _ 201 42 _ﬁ_ﬁ _sin3:c_
/smxcosxd:ﬁ—{dtzcoszdx = [ t*(1 t)dt_3 5_|_C_

x
sin® x
C
5 +
§ § %1 0 29 . 5
/SiH4SL’C082$dSL’:/SiH2 x(sin z cos ) d:c:/ C;S :B_sm4 L dr = g/sinz 20 dor—
0 0 0 0
5
1 3 2v/2 =2
gfsin22xc082xdx:...:%
0
Dipde = | LB ~ [ l)dt—tg fro=M™r o
SV = gt =shadr | 3 3 e
Oznacimo I,, = /cos"xd:c. Tada je
V' du=—(n—1)cos" ?sinz dx

= cos" ! rsinz+

u = cosx"”
I, = [ cos"zdx = .
dv=cosxdr v=sinz

(n—1) /COSn_2£L'SiH2ZL'dI = cos" tasinz + (n — 1)I,_5 — (n — 1)1, pa vrijedi

n—1

rekurzivna relacija: I, = I, 5+ —cos" tzsinz.
n

Sadaje[oz/dx:x+0

1 cosrsinx x coszsinz
L= = [y S8TSMT T COSTIMT
2= 3 o+ 5 5 + 5 +
I 3[ N cos® rsin x 3z N 3coszsine +cos3xsinx+c
Py 4 B 8 4
I 5 N cos® xsin x bz N 5cos x sin N 5cos® xsin x N cos® r sin x Lo
676 6 T 16 48 24 6

Napomena. Neka je R racionalna funkcija.
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(a) Za racunanje integrala oblika / R(sinx, cosx) dx se koristi univerzalna supsti-

tucija:
; tx ) 2t
=tg— siny = ——
&9 1+ 2
2dt 1—¢
dx:m cosT = T
r = 2arctgt
Provjerimo supstituciju:
d 2dt
r=-—-7:
1+t
) 9 g T z 2tg3 2t
sinx = 2sin — cos — = =
2 2 1+4tg*rg 1412
x 2 2 1—¢2
—92¢c0s?2 —1=—= 1= 1=
cos T cos” 3 1+tg2§ e T

(b) Za racunanje integrala oblika / R(shx,chx)dx se koristi univerzalna supstitu-

cija:
x 2t
2dt 1+ ¢
d,’ﬁzm Chle_t2
xr = 2Artht
Provjerimo supstituciju:
2dt
dr = ——
1—1¢2 ol
r T th < 2t
hx =2sh—-ch—- = 2_ =
N A
x 2 2 1+ ¢
hz =2ch’>+1=—"——+1= 1=
e T T A e A e

Zadatak 2.44 Izracunajte integral koriste¢i univerzalne supstitucije:

dx dx
(a)/(2+cosx)sinzz (b)/l—l—Qshx—l—?)chx'

Rjesenje.
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2. INTEGRAL
dz x 1 2dt
(a) T cosa)ma = [univerzalna supstitucija ¢t = tg ] T t;) T _
T
14t dt 2 [ tdt
/ i —:_ 31 dt = [rastav na parcijalne razlombke | / / oo 1 |t|+
1
g1:a(t2+3) +C = —1n\t(t2+3)| +C = —1n\tg —+3tg—| +C
1 2dt
/ = [univerzalna supstitucija ¢ = th f] = / - =
1+2shx+3chx 2 (14272, + 328y 1 -
dt x
/2t2+4t+4 /(t+1)2+1 —arctgt+1+0—arctg<th§+1> +C
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Zadaci za vjezbu

2.45 Izracunajte integrale:

cosz dx

v/sin 2z

(a) / sin z cos® x dx (b) / tg’xr da (c)

2.46 Izracunajte integrale:

(a) / dx (H) / dx (©) sinx dx
% | snz—sna sin (x 4 a) sin (x + b) V2sinx + cosx

2.47 Izracunajte integrale:

0 p w/3 p w/4 p
T x x
b _ d
(2) / cosx + 2sinx + 3 ( )/ sin? = cos x (c) / costx .
—7/4 w/4 0

2.48 Izracunajte integrale:

2 2

dx dx dx
-~ —d
(a)/5—4cosat (b)/Qsinx—cosx+5 (C)/sin4x+cos4:c .
0 0




