
POVRŠINE LIKOVA

(a) Kartezijeve koordinate

f, g : [a, b]→ R, f(x) ≥ g(x); x ∈ [a, b]

P =
∫ b

a

(f(x)− g(x)) dx

(b) Parametarski{
x = x(t)
y = y(t)

; t ∈ [t1, t2]

P =
∫ t2

t1

y(t) ẋ(t) dt

(c) Polarne koordinate

r = f(ϕ)

P = 1
2

∫ β

α

f(ϕ)2 dϕ = 1
2

∫ β

α

r2 dϕ

DULJINE LUKOVA KRIVULJA

(a) Kartezijeve koordinate

f : [a, b]→ R

l =
∫ b

a

√
1 + f ′(x)2 dx

(b) Parametarski{
x = x(t)
y = y(t)

; t ∈ [t1, t2]

l =
∫ t2

t1

√
ẋ(t)2 + ẏ(t)2 dt

(c) Polarne koordinate

r = f(ϕ)

l =
∫ β

α

√
f(ϕ)2 + f ′(ϕ)2 dϕ =

∫ β

α

√
r2 + ṙ2 dϕ



VOLUMENI ROTACIJSKIH TIJELA

(a) Kartezijeve koordinate

(1) Rotira oko x-osi

f : [a, b]→ R

Vx = π

∫ b

a

f(x)2 dx

(2) Rotira oko y-osi

0 ≤ a < b, f : [a, b]→ [0,+∞〉

Vy = 2π
∫ b

a

x f(x) dx

(b) Parametarski

(1) Rotira oko x-osi{
x = x(t)
y = y(t)

; t ∈ [t1, t2]

Vx = π

∫ t2

t1

y(t)2 ẋ(t) dt

(2) Rotira oko y-osi{
x = x(t) ≥ 0
y = y(t) ≥ 0

; t ∈ [t1, t2]

Vy = 2π
∫ t2

t1

x(t) ẋ(t) y(t) dt

(c) Polarne koordinate

(1) Rotira oko x-osi

r = f(ϕ), 0 ≤ α < β ≤ π

Vx = 2π
3

∫ β

α

f(ϕ)3 sinϕ dϕ = 2π
3

∫ β

α

r3 sinϕ dϕ

(2) Rotira oko y-osi

r = f(ϕ), −π2 ≤ α < β ≤ π

2

Vy = 2π
3

∫ β

α

f(ϕ)3 cosϕ dϕ = 2π
3

∫ β

α

r3 cosϕ dϕ



POVRŠINE ROTACIJSKIH PLOHA

(a) Kartezijeve koordinate

(1) Rotira oko x-osi

f : [a, b]→ [0,+∞〉

Sx = 2π
∫ b

a

f(x)
√

1 + f ′(x)2 dx

(2) Rotira oko y-osi

0 ≤ a < b, f : [a, b]→ R

Sy = 2π
∫ b

a

x
√

1 + f ′(x)2 dx

(b) Parametarski

(1) Rotira oko x-osi{
x = x(t)
y = y(t) ≥ 0

; t ∈ [t1, t2]

Sx = 2π
∫ t2

t1

y(t)
√
ẋ(t)2 + ẏ(t)2 dt

(2) Rotira oko y-osi{
x = x(t) ≥ 0
y = y(t)

; t ∈ [t1, t2]

Sy = 2π
∫ t2

t1

x(t)
√
ẋ(t)2 + ẏ(t)2 dt

(c) Polarne koordinate

(1) Rotira oko x-osi

r = f(ϕ), 0 ≤ α < β ≤ π

Sx = 2π
∫ β

α

f(ϕ) sinϕ
√
f(ϕ)2 + f ′(ϕ)2 dϕ

(2) Rotira oko y-osi

r = f(ϕ), −π2 ≤ α < β ≤ π

2

Sy = 2π
∫ β

α

f(ϕ) cosϕ
√
f(ϕ)2 + f ′(ϕ)2 dϕ


